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Abstract
We analyze the Lagrangian density and canonical stress-energy tensor
for the Dirac equation, where the Dirac bispinor has been recast as a
multivector set of fields. For the massless Dirac field, the sign of the
energy density is determined by the relative phase of uncoupled even- and
odd-grade field components. These components become coupled in the
massive Dirac equation, and the sign of the energy is determined by their
spatial parity. The corresponding stress-energy tensors for the second-
order equations also admit negative energy states, with the sign of the
energy density again dependent on field parity.
We apply the same multivector approach to electromagnetism, con-
structing new Lagrangian and energy densities in which the vector poten-
tial and the electromagnetic field are treated as independent field degrees
of freedom.
1 The massless Dirac field
In previous work [1], [2], we derived multivector-valued equivalents of the mass-
less and massive Dirac field equations, showing that the spinor degrees of free-
dom can always be separated from the physical scalar, vector, bivector, pseu-
dovector, and pseudoscalar field degrees of freedom. The massless Dirac equa-
tion
jγµ∂
µψ = 0
takes the multivector form
j∇M = 0,
where
∇ = eµ∂
µ,
and the complex multivector M can be split into real even-grade and imaginary
odd-grade terms,
M =Me + jMo.
Me contains the even-grade (scalar, bivector, and pseudoscalar) terms,
Me = f 1 + F + gI,
1
while Mo contains the odd-grade (vector and pseudovector) terms,
Mo = A+ Ip.
We write the fields in component form as
F = Ekeke0 +B
kIeke0
A = ϕe0 +A
kek
Ip = χIe0 + p
kIek,
with
I ≡ e0e1e2e3.
Unlike in other references in the literature (e.g., [1], [3], [4]), we do not assign
a geometric interpretation to the imaginary unit scalar j, as that would require
the introduction of a preferred direction in spacetime.
The Lagrangian density
L = Re{jψγµ∂µψ}
takes the form
L = 〈M˜o∇Me − M˜e∇Mo〉,
where M˜ denotes the multivector reversal of each term in M , e.g.,
(eα1eα2 · · · eαk)
∼ = eαk · · · eα2eα1 ,
and 〈M〉 denotes the term in M proportional to the scalar element 1. In com-
ponent form, the Lagrangian density is
L =+ ϕ (∂tf + ~∇ · ~E) + χ (∂tg + ~∇ · ~B)
+ ~A · (∂t ~E − ~∇× ~B + ~∇f) + ~p · (∂t ~B + ~∇× ~E + ~∇g)
− f (∂tϕ+ ~∇ · ~A)− g (∂tχ+ ~∇ · ~p)
− ~E · (∂t ~A+ ~∇ϕ− ~∇× ~p)− ~B · (∂t~p+ ~∇χ+ ~∇× ~A).
The corresponding Euler-Lagrange equations
∇Me = 0
∇Mo = 0
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become
∂tf + ~∇ · ~E = 0
∂tg + ~∇ · ~B = 0
∂t ~E − ~∇× ~B + ~∇f = 0
∂t ~B + ~∇× ~E + ~∇g = 0
∂tϕ+ ~∇ · ~A = 0
∂tχ+ ~∇ · ~p = 0
∂t ~A+ ~∇ϕ− ~∇× ~p = 0
∂t~p+ ~∇χ+ ~∇× ~A = 0.
The corresponding canonical stress-energy density is
T µν = Re
{
jψγµ∂νψ
}
− Lgµν .
For all solutions of the Euler-Lagrange equations, L is identically zero, and the
above expression simplifies to
T µν = Re
{
jψγµ∂νψ
}
,
or,
T µν = 〈−M˜ee
µ∂νMo + M˜oe
µ∂νMe〉
= 〈(−∂νMoM˜e + ∂
νMeM˜o)e
µ〉.
Although Me and Mo are not coupled by the Euler-Lagrange equations, they
are coupled in the stress-energy tensor, and for every positive-energy state
M+ = Me + jMo
there is a valid negative-energy state
M− =M
∗
+.
For example, the plane-wave solution
Me = f 1 + E
3e3e0
Mo = ϕe0 +A
3e3,
with
f = E3 = a0 cos(kz − ωt)
ϕ = A3 = a0 sin(kz − ωt),
3
has a positive, uniform, constant energy density
u = +ϕ∂tf − f ∂tϕ+ χ∂tg − g ∂tχ
+ ~A · ∂t ~E − ~E · ∂t ~A+ ~p · ∂t ~B − ~B · ∂t~p
= ϕ∂tf − f ∂tφ+A
3 ∂tE
3 − E3 ∂tA
3
= +2a20ω,
while the solution
f = E3 = a0 cos(kz − ωt)
ϕ = A3 = −a0 sin(kz − ωt),
has an energy density of the same magnitude but opposite sign,
u = −2a20ω.
Compare this to the Lagrangian density for the second-order multivector-valued
massless wave equation:
L =
1
2
〈(∇Me)(∇Me)
∼ + (∇Mo)(∇Mo)
∼〉.
Cross-terms in the Lagrangian density between differing field components do not
contribute to the equations of motion. We can therefore construct a simplified
Lagrangian density which contains only the diagonal terms, yet nevertheless
yields the same set of second-order differential equations:
L =
1
2
〈∂αMe∂αM˜e + ∂
αMo∂αM˜o〉
=
1
2
(∂αf∂
αf + ∂αϕ∂
αϕ+ ∂α ~B · ∂
α ~B + ∂α~p · ∂
α~p)
−
1
2
(∂αg ∂
αg + ∂αχ∂
αχ+ ∂α ~E · ∂
α ~E + ∂α ~A · ∂
α ~A).
The positive-parity components
f, ϕ, ~B, ~p
all contribute positive values to the energy density, e.g.,
uf = +
1
2
(∂tf)
2 +
1
2
(~∇f)2,
while the negative-parity components
g, χ, ~E, ~A
all have negative energy, e.g.,
ug = −
1
2
(∂tg)
2 −
1
2
(~∇g)2.
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2 The massive Dirac field
With the introduction of the mass term, the Dirac equation
j∇M = ω0M
couples Me and Mo:
∇Me = +ω0Mo
∇Mo = −ω0Me.
M is a solution of the Klein-Gordon equation, as expected:
(j∇)(j∇)M = −M
= +ω20M.
Conversely, we can derive a Dirac solution given a Klein-Gordon solution. Sup-
pose we have a real multivector-valued Klein-Gordon field:
MK = −ω
2
0MK .
Then the complex multivector
M ≡MK + jM
′
K ,
M ′K ≡
1
ω0
∇MK
satisfies the Dirac equation:
∇MK = +ω0M
′
K
∇M ′K = −ω0MK .
If M obeys the initial condition
M(t = t0) = A,
then the time evolution of M for a particle at rest is
∂tM = −je0ω0M
→M(t) = e−je0ω0(t−t0)A.
We recover the familiar bispinor solution by representing eµ with the gamma
matrices γµ and right-multiplying the field by a fixed bispinor, which takes the
form
w =


1
0
0
0


5
in the rest frame:
ψ(t) = e−je0ω0tAw.
The spatial parity of the multivector determines the sign of the energy: for a
parity eigenstate A with eigenvalue P ,
e0A = (−1)
PAe0,
and
ψ(t) = Ae−j(−1)
P e0ω0t w
= Aw e−j(−1)
Pω0t.
We see that the positive-parity multivectors
A+ ∈ {1, e0, Ieie0, Iei}
correspond to the positive-energy states
ψ+(t) = A+w e
−jω0t,
and the negative-parity multivectors
A− ∈ {I, ei, eie0, Ie0}
correspond to the negative-energy states
ψ−(t) = A−w e
+jω0t.
The Lagrangian density becomes
L = L0 − ω0ψψ
→ L0 − ω0〈MeM˜e +MoM˜o〉
= L0 − ω0(f
2 + ϕ2 + ~p2 + ~B2) + ω0(g
2 + χ2 + ~A2 + ~E2),
where L0 is the Lagrangian density of the massless field. The signs of the mass
terms reflect the field parities, as expected.
3 A new Lagrangian for electromagnetism
We can make the close resemblance between the component-form Dirac equa-
tions and Maxwell’s equations exact, with a slight modification to the massless
Lagrangian density:
L =L0 + 〈FF˜ 〉
=L0 + ( ~B
2 − ~E2)
= + ϕ (∂tf + ~∇ · ~E) + χ (∂tg + ~∇ · ~B)
+ ~A · (∂t ~E − ~∇× ~B + ~∇f) + ~p · (∂t ~B + ~∇× ~E + ~∇g)
− f (∂tϕ+ ~∇ · ~A)− g (∂tχ+ ~∇ · ~p)
− ~E · (∂t ~A+ ~∇ϕ− ~∇× ~p+ ~E)− ~B · (∂t~p+ ~∇χ+ ~∇× ~A− ~B).
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The Euler-Lagrange equations,
∂tf + ~∇ · ~E = 0
∂tg + ~∇ · ~B = 0
∂t ~E − ~∇× ~B + ~∇f = 0
∂t ~B + ~∇× ~E + ~∇g = 0
∂tϕ+ ~∇ · ~A = 0
∂tχ+ ~∇ · ~p = 0
∂t ~A+ ~∇ϕ− ~∇× ~p+ ~E = 0
∂t~p+ ~∇χ+ ~∇× ~A− ~B = 0,
become Maxwell’s equations when the scalar, pseudovector, and pseudoscalar
fields vanish,
f = g = χ = ~p = 0.
The potentials obey the Lorenz gauge condition,
∂tϕ+ ~∇ · ~A = 0,
and the equations
~E = −~∇ϕ− ∂t ~A
~B = ~∇× ~A
are dynamic equations of motion and not definitions of ~E and ~B.
Associated with this new Dirac-type Lagrangian density is a new on-shell
conserved energy density,
u = ~A · ∂t ~E − ~E · ∂t ~A
= ~A · (~∇× ~B) + ~E · (~∇ϕ+ ~E),
distinct from the conventional quantity
uc =
1
2
( ~E2 + ~B2).
For example, a traveling mode solution
E1 = a0 cos(kz − ωt)
B2 = a0 cos(kz − ωt)
A1 = −
a0
ω
sin(kz − ωt),
has a Dirac-type energy density that is uniform and constant:
u = +a20ω,
while its conventional energy density is neither:
uc = a
2
0 cos
2(kz − ωt),
although both are positive-definite.
7
References
[1] Anastasios Y. Papaioannou. On the physical interpretation of the Dirac
wavefunction, arXiv:1707.05198 [quant-ph].
[2] Anastasios Y. Papaioannou. On the Physical Interpretation of the Dirac
Wavefunction II: The Massive Dirac Field, arXiv:1806.05545 [quant-ph].
[3] David Hestenes. Local observables in the Dirac theory. Journal of Mathe-
matical Physics, 14(7), 1973.
[4] Chris Doran and Anthony Lasenby. Geometric Algebra for Physicists. Cam-
bridge University Press, 2003.
8
